As an application of the combinatorial description of fixed point loci of moduli spaces of sheaves on toric varieties derived in [Koo], we study generating functions of Euler characteristics of moduli spaces of µ-stable torsion free sheaves on nonsingular complete toric surfaces. We obtain a general expression for such generating functions in terms of Euler characteristics of moduli spaces of stable configurations of linear subspaces. The expression holds for any choice of X, ample divisor, rank and first Chern class. It can be further simplified in examples, which allows us to compute some new and known generating functions (due to Göttsche, Klyachko and Yoshioka). In general, these generating functions depend on choice of stability condition, enabling us to study wall-crossing phenomena and relate to work of Göttsche and Joyce. Much of our work is in the spirit of Klyachko [Kly4] and based on theory developed in [Koo].
Introduction
The moduli space of Gieseker stable sheaves is a complicated object 1 . For example, it satisfies Murphy's Law, meaning every singularity type of finite type over Z appears on it [Vak] . Nevertheless, we need a reasonable understanding of components of it, when we want to compute invariants associated to these components. Examples are motivic invariants like virtual Hodge polynomials, virtual Poincaré polynomials and Euler characteristics of components of the moduli space of Gieseker stable sheaves. Other examples are (generalised) Donaldson-Thomas invariants of a Calabi-Yau threefold.
This leads us to consider the following situation. Let X be a nonsingular projective toric variety with torus T , let O X (1) be an ample line bundle on X and let P be a choice of Hilbert polynomial 2 . We can lift the action of the torus T on X to a regular action on the moduli space M s P of Gieseker stable sheaves on X with Hilbert polynomial P . In [Koo] , we gave a combinatorial description of the fixed locus (M s P )
T . As a by-product, for any
Hilbert polynomial P of a reflexive sheaf on X, we found a combinatorial description of the fixed point locus (N s P ) T of the moduli space N s P of Gieseker stable reflexive sheaves on X with Hilbert polynomial P . In the present paper, we apply the combinatorial descriptions of the fixed point loci to the case of torsion free sheaves on nonsingular complete toric surfaces. Many of the guiding ideas of [Koo] and the present paper come from Klyachko's remarkable preprint [Kly4] (see also [Kly1] , [Kly2] , [Kly3] ). The paper [Koo] lays the foundations for many ideas appearing in [Kly4] and generalises them to pure equivariant sheaves of any dimension on any nonsingular toric variety. The present paper can be seen as a systematic application to torsion free sheaves on nonsingular complete toric surfaces.
The main goal of the present paper is to derive an expression for the generating function of Euler characteristics of moduli spaces of µ-stable 3 torsion free sheaves of rank r and first Chern class c 1 on a nonsingular complete toric surface X with ample divisor H. We will obtain an expression for this generating function in terms of Euler characteristics of moduli spaces of stable configurations of linear subspaces in Theorem 3.7, keeping X, H, r and c 1 completely arbitrary 4 . The expression in Theorem 3.7 can be further simplified in examples. The dependence on H allows us to study wallcrossing phenomena. Note that we compute Euler characteristics of moduli spaces of µ-stable torsion free sheaves only, even in the presence of strictly µ-semistable torsion free sheaves. This paper is organised as follows. In section 2, we recall the main results of [Koo] and gather some rudimentary information about motivic invariants and torus localisation. In section 3, we start by giving an explicit expression of the Chern character of a torsion free equivariant sheaf on a nonsingular complete toric surface in terms of certain 2D partitions associated to the sheaf. Here we use a formula due to Klyachko. Subsequently, using a result by Göttsche and Yoshioka, we note that in the surface case it is sufficient to compute generating functions of moduli spaces of µ-stable reflexive sheaves only. Using these results, we derive a formula for any generating function of Euler characteristics of moduli spaces of µ-stable torsion free sheaves on a nonsingular complete toric surface (Theorem 3.7). In section 4, we simplify this formula in examples and compare these examples to the literature. We consider the case rank 1 and trivially retrieve a result by Ellingsrud and Strømme [ES] and Göttsche [Got1] . We consider the case rank 2 and X = P 2 and compare to work of Klyachko [Kly4] and Yoshioka [Yos] . We consider rank 2 and X = P 1 × P 1 or any Hirzebruch surface F a (a ∈ Z ≥1 ), where we make the dependence on choice of ample divisor H explicit. This allows us to study wall-crossing phenomena and compare to work of Göttsche [Got2] and Joyce [Joy2] . We perform various consistency checks. Finally, we give a formula for rank 3 and X = P 2 , which we are not able to write in a short form 5 . This formula allows for numerical computations. It should be noted that Ellingsrud and Strømme [ES] and Klyachko [Kly4] use the torus action/techniques of toric geometry, whereas Göttsche [Got1] , [Got2] and Yoshioka [Yos] use very different techniques namely the Weil Conjectures to compute virtual Poincaré 3 The notion of µ-stability is defined in [HL, Def. 1.2.12]. 4 Configurations of linear subspaces and their moduli spaces are a classical topic in geometric invariant theory (GIT). See [Dol, Ch. 11 ] for a discussion.
5 During the finishing of this paper, the author found out about recent independent work of Weist [Wei] , where he also computes the case rank 3 and X = P 2 using techniques of toric geometry and quivers.
polynomials. Also Joyce [Joy2] uses very different techniques namely his theory of wallcrossing for motivic invariants counting (semi)stable objects.
Fixed Point Loci of Moduli Spaces of Sheaves on Toric Varieties
In this section, we briefly recapitulate the main results of [Koo] necessary for this paper.
We also recall Klyachko's Formula for Chern characters of torsion free equivariant sheaves on nonsingular quasi-projective toric varieties and give a rudimentary discussion of motivic invariants and torus localisation. We end this section with a trivial application, viz. generating functions of Euler characteristics of moduli spaces of µ-stable torsion free sheaves on P 1 . All necessary details of subsections 2.1, 2.2, 2.3 can be found in [Koo] .
Pure Equivariant Sheaves on Toric Varieties
Let U σ be a nonsingular affine toric variety defined by a cone σ in a lattice N of rank r. Denote by T the torus acting on U σ . The primitive lattice vectors of the rays (i.e. 1-dimensional faces of σ) form part of a basis for N and by convention we will only consider the case dim(σ) = r (i.e. U σ ∼ = A r ). Denote by (ρ 1 , . . . , ρ r ) the rays of σ and by (n(ρ 1 ), . . . , n(ρ r )) the primitive lattice vectors. Let M = Hom(N, Z) be the dual lattice. This is the character group of the torus T . Using the pairing −, − : M × N −→ Z, we denote the dual basis by (m(ρ 1 ), . . . , m(ρ r )). For a general nonsingular toric variety X defined by a fan ∆ in a lattice N of rank r, we assume by convention every cone is contained in a cone of dimension r (therefore we can cover X by copies of A r ). We denote the cones of maximal dimension by σ 1 , . . . , σ l . Consequently, for each i = 1, . . . , l we have rays ρ (i) j , primitive lattice vectors n(ρ (i) j ) and dual basis elements m(ρ (i) j ) as before. For any two cones τ, σ ∈ ∆ we write τ ≺ σ to indicate τ is a face of σ. This defines a partial order on ∆. Recall that the cones σ ∈ ∆ are in order-preserving bijective correspondence with the invariant open subsets U σ ⊂ X. Likewise, the cones σ ∈ ∆ are in order-reversing bijective correspondence with the invariant closed subvarieties V (σ) ⊂ X. In particular, dim(V (σ)) = codim(σ). The combinatorial description of pure equivariant sheaves on X given in Theorem 2.1 below is ultimately based on Perling's notion of a σ-family [Per1] , [Per2] . The global section functor and decomposition into weight spaces under the regular torus action on the module of global sections induces an equivalence of categories
Here Qco T (U σ ) denotes the category of T -equivariant quasi-coherent sheaves on U σ and σ-Families denotes the category of σ-families. A σ-family is a collection of C-vector spaces {E σ (λ 1 , . . . , λ r )} (λ 1 ,...,λr)∈Z r , together with C-linear maps
for any (λ 1 , . . . , λ r ) ∈ Z r , such that for any i, j = 1, . . . , r
..,λr)∈Z r satisfying the obvious compatibility conditions. We have derived the following result [Koo, Thm. 2.9].
Theorem 2.1. Let X be a nonsingular toric variety with fan ∆ in a lattice N of rank r. Let τ ∈ ∆ and consider the invariant closed subvariety V (τ ). It is covered by U σ , where σ ∈ ∆ has dimension r and τ ≺ σ. Denote these cones by σ 1 , . . . , σ l . For each i = 1, . . . , l, let ρ (a) There are integers
r such that we have 
The morphisms of C τ are described as follows. IfÊ ∆ ,F ∆ are two objects, then a morphismφ
We refer to the objects of the category C τ as pure ∆-families with support V (τ ) and torsion free ∆-families in the case τ = 0 is the apex.
In [Koo, Subsect. 2 .2], we also present a description of pure equivariant sheaves with possibly reducible support. For the purposes of this paper, we are only interested in torsion free equivariant sheaves on X, i.e. taking τ = 0 the apex in Theorem 2.1. This recovers the combinatorial description of torsion free equivariant sheaves originally due to Klyachko (see [Kly4, Thm. 1.3.2]). In this case, the objects of the category C 0 are l families of r-dimensional multi-filtrations
r . Moreover, there are integers λ 1 , . . . , λ r such that E σ i (λ 1 , . . . , λ r ) = E. Finally, these families
..,λr)∈Z r satisfy gluing conditions as specified in the theorem. A reflexive equivariant sheaf on X is torsion free and admits a particularly nice combinatorial description in terms of filtrations associated to the rays (i.e. 1-dimensional cones) of ∆ due to Klyachko (see [Kly4, Thm. 1.3.2]). Denote the collection of rays by ∆(1). Let E be a nonzero finite-dimensional C-vector space. For each ray ρ ∈ ∆(1) specify a filtration of C-vector spaces
such that there is an integer A ρ with E ρ (λ) = 0 whenever λ < A ρ and there is an integer B ρ such that E ρ (λ) = E whenever λ ≥ B ρ . There is an obvious notion of morphisms between such collections of filtrations {E ρ (λ)} ρ∈∆(1) . Suppose we are given such a collection of filtrations {E ρ (λ)} ρ∈∆(1) . From it we obtain a torsion free ∆-family by defining
for each i = 1, . . . , l and (λ 1 , . . . , λ r ) ∈ Z r . Denote the full subcategory of torsion free ∆-families obtained in this way by R. The equivalence of categories in Theorem 2.1, restricts to an equivalence between the the full subcategory of reflexive equivariant sheaves on X and the full subcategory R (see [Per1, Thm. 4.21] ). This equivalence further restricts to an equivalence between the category of equivariant line bundles on X and the category of filtrations of E = C associated to the rays of ∆ as above. We obtain a canonical isomorphism Pic
Moduli Spaces of Pure Equivariant Sheaves on Toric Varieties
A natural topological invariant for equivariant sheaves on toric varieties is the notion of characteristic function introduced in [Koo, Def. 3 .1].
Definition 2.2. Let X be a nonsingular toric variety and use notation as in Theorem 2.1. Recall that σ 1 , . . . , σ l are the cones of maximal dimension having τ as a face. Let E be a pure equivariant sheaf on X with support V (τ ). The characteristic function χ E of E is defined to be the map
. We denote the set of all characteristic functions of pure equivariant sheaves on X with support V (τ ) by X τ . ⊘ Let F be an S-flat equivariant coherent sheaf on X × S for some connected C-scheme S of finite type (i.e. an equivariant S-flat family). 
of equivariant S-flat families with fibres Gieseker semistable (resp. geometrically Gieseker stable) equivariant sheaves on X with support V (τ ) and characteristic function χ. Two such families F 1 , F 2 are identified if there exists a line bundle L on S (with trivial equivariant structure) and an equivariant isomorphism F 1 ∼ = F 2 ⊗ p * 2 L. By using the combinatorial description in Theorem 2.1, it is a straightforward exercise in GIT to define candidate C-schemes M τ,ss χ , M τ,s χ , which might corepresent these functors. Roughly, one takes certain closed subschemes of products of Grassmannians (related to the multi-filtrations appearing in Theorem 2.1) and affine spaces (related to the C-linear maps between the multi-filtrations appearing in Theorem 2.1). The notion of GIT stability of these schemes depends on a choice of G-equivariant line bundle, where G is the reductive algebraic group with respect to which we take our GIT quotients. It is not a priori clear whether we can always construct an equivariant line bundle reproducing the notion of Gieseker stability. However, in the case of torsion free sheaves (i.e. any χ ∈ X 0 , where τ = 0 is the apex), we can explicitly construct such equivariant line bundles [Koo, Thm. 3.21] 6 . Choosing such an ample equivariant line bundle, one can prove the following theorem [Koo, Thm. 3 .12]. The discussion of this subsection so far can be done in full generality except constructing an equivariant line bundle which precisely reproduces Gieseker stability. In [Koo, Subsect. 4 .4], we also discuss natural moduli functors for reflexive equivariant sheaves on nonsingular projective toric varieties. Assume X is a nonsingular projective toric variety with ample line bundle O X (1). Let X r ⊂ X 0 be the subset of characteristic functions of reflexive equivariant sheaves on X. Take χ ∈ X r . Define moduli functors
of equivariant S-flat families with fibres µ-semistable (resp. geometrically µ-stable) reflexive equivariant sheaves on X with characteristic function χ modulo the same equivalence relation as before. Again, straightforward use of GIT yields candidate C-schemes N µss χ , N µs χ , which might corepresent these. This time we can construct particularly simple ample equivariant line bundles of the GIT problem which precisely reproduce µ-stability. We choose such ample equivariant line bundles for our GIT quotients. Then N 
is the dimension of the limiting vector space. We come back to this explicitly in subsection 3.2.
It is important to note that the various moduli spaces of equivariant sheaves introduced in this subsection are explicit objects defined in terms of moduli spaces of stable configurations of linear subspaces using GIT. This makes them suitable for explicit computations as we will see.
Fixed Point Loci of Moduli Spaces of Sheaves on Toric Varieties
Let X be a connected projective C-scheme with ample line bundle O X (1). Let P be a choice of Hilbert polynomial. One can define natural moduli functors
of S-flat families with fibres Gieseker semistable (resp. geometrically Gieseker stable) sheaves with Hilbert polynomial P . Two such families F 1 , F 2 are identified if there exists a line bundle L on S and an isomorphism
One can then construct a projective C-scheme of finite type M T in terms of the explicit moduli spaces of pure equivariant sheaves of the previous subsection [Koo, Thm. 4.8] . In the case we are dealing with torsion free sheaves, i.e. P has degree dim(X), the description is as follows [Koo, Cor. 4 
Here (X 0 P ) gf ⊂ X 0 P is the collection of gauge-fixed characteristic functions of torsion free equivariant sheaves on X with Hilbert polynomial P . These are by definition the characteristic functions χ ∈ X 0 P for which the maximally chosen lower bounds A Theorem 2.5. Let X be a nonsingular projective toric variety. Let O X (1) be an ample line bundle on X and let P be a choice of Hilbert polynomial of a reflexive sheaf on X.
Then there is a canonical isomorphism of quasi-projective schemes of finite type over
Here (X r P ) gf = (X 0 P ) gf ∩ X r is the collection of gauge-fixed characteristic functions of reflexive equivariant sheaves on X with Hilbert polynomial P .
Chern Classes of Equivariant Sheaves on Toric Varieties
So far, it was enough for our purposes to note that the Hilbert polynomial of a pure equivariant sheaf on a nonsingular projective toric variety with ample line bundle is entirely determined by the characteristic function of the sheaf. We proved this by a general argument in [Koo, Prop. 3 .14]. In [Koo, Subsect. 3 .4], we also discussed that Klyachko in fact gives an explicit formula for the Chern character of a pure equivariant sheaf on a nonsingular quasi-projective toric variety in terms of its characteristic function only. In this subsection, we will recall Klyachko's Formula [Kly4, Sect. 1.2, 1.3], stating it in the case of torsion free equivariant sheaves. The reader has to be aware of the fact that we follow Perling's convention of ascending directions for the maps of σ-families, as opposed to Klyachko's convention of descending directions. This results in some minus signs compared to Klyachko's formulae. Definition 2.6. Let {E(λ 1 , . . . , λ r )} (λ 1 ,...,λr)∈Z r be a collection of finite-dimensional Cvector spaces. For each i = 1, . . . , r, we define a Z-linear operator ∆ i on the free abelian group generated by the vector spaces {E(λ 1 , . . . , λ r )} (λ 1 ,...,λr)∈Z r determined by
for any λ 1 , . . . , λ r ∈ Z. This allows us to define [E](λ 1 , . . . , λ r ) = ∆ 1 · · · ∆ r E(λ 1 , . . . , λ r ) for any λ 1 , . . . , λ r ∈ Z. One can then define dimension dim as a Z-linear operator on the free abelian group generated by the vector spaces {E(λ 1 , . . . , λ r )} (λ 1 ,...,λr)∈Z r in the obvious way. It now makes sense to consider dim([E](λ 1 , . . . , λ r )) for any λ 1 , . . . , λ r ∈ Z. For example
for any λ, λ 1 , λ 2 ∈ Z. ⊘ Proposition 2.7 (Klyachko's Formula). Let X be a nonsingular quasi-projective toric variety with fan ∆ in a lattice N of rank r. Let σ 1 , . . . , σ l ∈ ∆ be all cones of dimension r and for each i = 1, . . . , l, let ρ
be the rays of σ i . Then for any torsion free equivariant sheaf E on X and corresponding torsion free ∆-familyÊ ∆ , we have
In this proposition, σ(1) means the collection of rays of σ. Likewise, we denote the collection of all rays of ∆ by ∆(1). Any cone σ ∈ ∆ is a face of a cone σ i of dimension r. Assume σ has dimension t. LetÊ σ denotes the σ-family corresponding to the equivariant coherent sheaf E| Uσ . Note that E| Uσ is torsion free (see [Koo, Prop. 2 
be the rays of σ i , with first integral lattice points n ρ
and let without loss of generality ρ
Motivic Invariants
One can define the virtual Poincaré polynomial
The definition is elaborate and involves Deligne's weight filtration. The value e(X) = P (X, −1) is the Euler characteristic of X. In the case X is nonsingular and projective, the virtual Poincaré polynomial reduces to the ordinary Poincaré polynomial
are the Betti numbers. The virtual Poincaré polynomial (and therefore the Euler characteristic) satisfies the following properties:
As a consequence, a Zariski locally trivial fibration φ : X −→ Y of quasi-projective varieties with fibre a quasi-projective variety
One can also define the virtual Hodge polynomial H(X; x, y), but we will not go into this. All of these objects are called motivic invariants. By restricting to the reduced subscheme, all of these motivic invariants can be extended to quasi-projective C-schemes of finite type and the aforementioned properties continue to hold. Note that P (A 1 , z) = z 2 and P (pt, z) = 1. The following result is well-known (e.g. see [CG] ).
Proposition 2.8 (Torus Localisation). Let X be a quasi-projective C-scheme of finite type. Let T be an algebraic torus acting regularly on X. Then e(X) = e(X T ).
2.6 The Case P 1 Let X be a nonsingular projective (irreducible) variety of dimension n. Instead of Hilbert polynomial, it is better for computational purposes to fix Chern characters ch k ∈ H 2k (X, Q) (for all k = 0, . . . , n) or, equivalently, rank r ∈ H 0 (X, Z) and Chern classes c k ∈ H 2k (X, Z) (for all k = 1, . . . , n). Therefore, we will proceed to do this instead. Note that
The combinatorial descriptions of fixed point loci mentioned in subsection 2.3 hold analogously in this setting 7 . Consider the combinatorial description in Theorem 2.4 of fixed point loci of moduli spaces of torsion free sheaves on nonsingular projective toric varieties in the simplest case, i.e. when dim(X) = 1. The only nonsingular projective toric variety of dimension 1 is X = P 1 with fan:
Let D be a point on X and H = αD an ample divisor on X (i.e. α ∈ Z >0 ). A coherent sheaf E on X is torsion free if and only if reflexive if and only if locally free. Let E be a rank r equivariant vector bundle on X with corresponding framed torsion free ∆-familŷ E ∆ . ThenÊ ∆ is described by a pair of filtrations ({E σ 1 (λ)} λ∈Z , {E σ 2 (λ))} λ∈Z ) where E σ i (λ) is 0 for λ sufficiently small and C ⊕r for λ sufficiently large for each i = 1, 2 (Theorem 2.1). Let N H X (r, c 1 ) be the moduli space of µ-stable vector bundles on X of rank r and first Chern class c 1 . Case 1: r = 1. In this case E is always a line bundle andÊ ∆ is described by two integers A 1 , A 2 indicating where the filtrations E σ 1 (λ), E σ 2 (λ) jump dimension. From Theorem 2.5 and Klyachko's Formula (Proposition 2.7), we obtain N H X (1, c 1 ) T = pt. Using torus localisation (Proposition 2.8), we deduce that
Case 2: r > 1. In this case, it is easy to see E always decomposes, since the pair of filtrations ({E σ 1 (λ)} λ∈Z , {E σ 2 (λ))} λ∈Z ) decomposes. Hence there cannot be any µ-stable equivariant vector bundles on X of rank r, so Theorem 2.5 implies N H X (1, c 1 ) T = ∅. Using torus localisation (Proposition 2.8), we deduce that
Euler Characteristics of Moduli Spaces of Torsion Free Sheaves on Toric Surfaces
In the rest of this paper, we will consider a nonsingular complete 8 toric surface X with ample divisor H. For fixed rank r > 0, first Chern class c 1 and second Chern class c 2 , we denote the moduli space of µ-stable torsion free sheaves on X of rank r, first Chern class c 1 and second Chern class c 2 by M H X (r, c 1 , c 2 ). Since geometric µ-stability is an open condition, this moduli space is naturally an open subset of the moduli space of Gieseker stable torsion free sheaves on X of rank r, first Chern class c 1 and second Chern class c 2 (see [Koo, Subsect. 4 .4] for a more detailed discussion). Our goal is to use the combinatorial description of fixed point loci of the previous chapter, i.e. Theorems 2.4, 2.5, to compute the generating function
Note that this generating function is an element of Z((q)), i.e. a formal Laurent series in q, by the Bogomolov Inequality [HL, Thm. 3.4.1]. We derive a general formula for this generating function expressing it in terms of Euler characteristics of moduli spaces of stable configurations of linear subspaces (Theorem 3.7). Note that we compute Euler characteristics of moduli spaces of µ-stable torsion free sheaves M H X (r, c 1 , c 2 ) only and ignore strictly µ-semistable torsion free sheaves. The reason is that the combinatorial descriptions of fixed point loci of Theorems 2.4, 2.5 use simpleness in an essential way (see [Koo, Sect. 4] ). In section 4, we simplify the general formula of Theorem 3.7 and compare to the literature in the examples X arbitrary and rank r = 1, X = P 2 and rank r = 1, 2, 3, and X = F a (a ∈ Z ≥0 ) and rank r = 1, 2. Here we write F a for the bundle
We insist on keeping H and c 1 arbitrary in these examples.
Chern Characters of Torsion Free Equivariant Sheaves on Toric Surfaces
We will start by recalling some well-known facts. A classification of all nonsingular complete toric surfaces is given by the following proposition [Ful, Sect. 2.5].
Proposition 3.1. All nonsingular complete toric surfaces are obtained by successive blow-ups of P 2 and F a (a ∈ Z ≥0 ) at fixed points.
Combinatorially, such blow-ups are described by stellar subdivisions, i.e. creating a fañ ∆ out of ∆ by subdividing a fixed cone through the sum of the two integral lattice vectors of its rays. Let ∆ be a fan obtained in such a way out of one of the fans of P 2 , F a (a ∈ Z ≥0 ). Let σ 1 , . . . , σ N be its 2-dimensional cones and let ρ 1 , . . . , ρ N be its rays numbered counterclockwise as follows: 
.5]). Consider the Chow ring
, where I is the ideal generated by
Since X is a complete toric variety,
. Denote this element, which generates A 2 (X), by pt. Finally, the self-intersections are given by D 2 i = −a i pt, where a i is defined to be the integer satisfying
are entirely determined by the fan ∆. Note that e(X) = N by torus localisation (Proposition 2.8).
Let O X (1) be an ample line bundle on X. There are isomorphisms
. . , α N ) be the integers corresponding to O X (1) and define α 1 = α 2 = 0. Let E be a torsion free equivariant sheaf on X of rank r with corresponding framed torsion free ∆-familyÊ ∆ . Using Theorem 2.1, we see such a family is described by N double-filtrations
such that for each i = 1, . . . , N there are integers A i , B i with the property E σ i (λ 1 , λ 2 ) = 0 unless λ 1 ≥ A i , λ 2 ≥ B i and there are integers λ 1 , λ 2 such that E σ i (λ 1 , λ 2 ) = C ⊕r . These double-filtrations satisfy gluing conditions
for all i = 1, . . . , N. We introduce notation for the limiting filtrations {E σ i (λ, ∞)} λ∈Z associated to any ray ρ i
Note that the A i ∈ Z and the ∆ i (j) ∈ Z ≥0 .
Let χ ∈ X 0 be the characteristic function of a torsion free equivariant sheaf on X of rank r. Then for any i = 1, . . . , l, the dimension profile of χ σ i looks as follows, where we use notation A i , ∆ i (j) as just introduced.
Let j = 1, . . . , r and define for all (
otherwise. Subsequently, we define π i (j) to be the union of all blocks [λ 1 ,
In other words, from the diagram of χ σ i , we obtain 2D partitions π i (1), . . . , π i (r) ⊂ M ⊗ Z R:
We denote by #π i (j) the number of blocks of the 2D partition π i (j) 
Proof.
Step 1. Assume r = 1 and A 1 = · · · = A r = 0. For each i = 1, . . . , N, the double-filtration {E σ i (λ 1 , λ 2 )} (λ 1 ,λ 2 )∈Z 2 gives rise to a 2D partition π i consisting of #π i blocks. Referring to Klyachko's Formula (Proposition 2.7), for each i = 1, . . . , N we have to compute
. For each i = 1, . . . , N, define a (i) to be the smallest integer where E σ i (λ, 0) jumps dimension and define b (i) to be the smallest integer where E σ i (0, λ) jumps dimension. Since A 1 = · · · = A N = 0, the first sum will be zero for both choices of f (λ). The second sum can be rewritten as
It is easy to see this sum only contributes for g(λ 1 , λ 2 ) = λ 1 λ 2 , in which case the contribution is
We obtain
Step 2. Assume r = 1 and A 1 , . . . , A r arbitrary. This case can be reduced to Step 1 by tensoring with an equivariant line bundle and using [Koo, Prop. 4 .5]. One immediately obtains the following formula
Step 3. Now let r be general. Let χ E be the characteristic function of E, then ch(E) depends only on χ E (Proposition 2.7). Let F = L 1 ⊕· · ·⊕L r be the sum of r rank 1 torsion free equivariant sheaves L a defined by torsion free ∆-families {L
Clearly χ E = χ F , so the result follows from ch(E) = r i=1 ch(L i ) and Step 2.
Vector Bundles on Toric Surfaces
In this subsection, we will discuss in more detail reflexive equivariant sheaves on nonsingular complete toric surfaces. Recall that on a nonsingular surface a coherent sheaf is reflexive if and only if locally free [Har2, Cor. 1.4]. We will derive an expression for generating functions of Euler characteristics of moduli spaces of µ-stable vector bundles on nonsingular complete toric surfaces. This will yield an expression for generating functions of Euler characteristics of moduli spaces of µ-stable torsion free sheaves on nonsingular complete toric surfaces by the following proposition of Göttsche and Yoshioka [Got3, Prop. 3.1].
Proposition 3.3. Let X be a nonsingular projective surface, H an ample divisor, r ∈ Z >0 and c 1 ∈ H 2 (X, Z). Then 
In this proposition, N µs χ denotes the moduli space of µ-stable reflexive equivariant sheaves on X with characteristic function χ (see subsection 2.2).
The goal of this subsection is to simplify the expression in the previous proposition by studying more closely how characteristic functions and Chern classes of equivariant vector bundles on nonsingular complete toric surfaces are related. Here we will make use of Proposition 3.2. The notion of characteristic function of an equivariant vector bundle on a nonsingular complete toric surface can be rephrased by using the notion of display named after Klyachko's similar notion introduced in [Kly4, Def. 1.3.6].
Definition 3.5. Let r be a positive integer, let A 1 , A 2 be integers and let ∆ 1 (1), . . . , ∆ 1 (r − 1), ∆ 2 (1), . . . , ∆ 2 (r − 1) be positive integers. A display δ located at (A 1 , A 2 ) of widths (∆ 1 (1), . . . , ∆ 1 (r −1); ∆ 2 (1), . . . , ∆ 2 (r −1)) and rank r is a diagram δ obtained as follows. Consider the lines
2 an choose a permutation σ ∈ S r . From this we construct a diagram. For example, in the case of a permutation σ ∈ S r sending 1 → 3, 2 → 1, 3 → 4, 4 → 2, . . ., we draw the following diagram, where we refer to the lines as the edges.
It is clear how the edges arise from the permutation σ. One can uniquely put numbers, called dimensions, in this diagram as follows. Put the number r in the upper right region x > A 1 + ∆ 1 (1) + · · · + ∆ 1 (r − 1), y > A 2 + ∆ 2 (1) + · · · + ∆ 2 (r − 1) and every time one crosses a horizontal or vertical edge, one decreases the dimension of the corresponding region by one as indicated by the following diagram.
The resulting diagram is called a display δ located at (A 1 , A 2 ) of widths (∆ 1 (1), . . . , ∆ 1 (r− 1); ∆ 2 (1), . . . , ∆ 2 (r − 1)) and rank r. Next, we want to allow degeneracies i.e. allow the ∆ i (j) in the definition of a display to be zero. For any A 1 , A 2 ∈ Z and ∆ 1 (1), . . . , ∆ 1 (r − 1) ∈ Z ≥0 , ∆ 2 (1), . . . , ∆ 2 (r − 1) ∈ Z ≥0 , we define a display δ located at (A 1 , A 2 ) of widths (∆ 1 (1), . . . , ∆ 1 (r − 1); ∆ 2 (1), . . . , ∆ 2 (r − 1)) and rank r as follows. Let σ ∈ S r be a permutation. Consider the display located at (A 1 , A 2 ) of widths (1, . . . , 1; 1, . . . , 1) and rank r defined by σ. Then separate (or join) two adjacent horizontal or vertical lines according to the widths ∆ 1 (1), . . . , ∆ 1 (r − 1), ∆ 2 (1), . . . , ∆ 2 (r − 1), where several lines are allowed to coincide. The diagram of such a display δ typically looks like:
We denote the collection of displays located at (A 1 , A 2 ) of widths (∆ 1 (1), . . . , ∆ 1 (r − 1); ∆ 2 (1), . . . , ∆ 2 (r −1)) and rank r by D(A 1 , A 2 ; ∆ 1 (1), . . . , ∆ 1 (r −1); ∆ 2 (1), . . . , ∆ 2 (r − 1)). ⊘
The main use of displays is as follows. Consider the affine plane A 2 as a toric variety with canonical torus action. Characteristic functions of equivariant vector bundles (or, equivalently, reflexive equivariant sheaves) of rank r on A 2 are in 1-1 correspondence with displays of rank r (see subsections 2.1 and 3.1). As such, given a display δ of rank r, we can associate 2D partitions π(1), . . . , π(r) to it as in subsection 3.1. We define the size of δ to be #δ = r i=1 #π(i). Let X be a nonsingular complete toric surface. Let r ∈ Z >0 , A 1 , . . . , A N ∈ Z and ∆ i (1), . . . , ∆ i (r − 1) ∈ Z ≥0 for all i = 1, . . . , N. For each i = 1, . . . , N, define Flag(∆ i (1), . . . , ∆ i (r − 1)) to be the closed subscheme of r−1 j=1 Gr(j, r) defined by closed points (p i (1) , . . . , p i (r − 1)) satisfying p i (1) ⊂ · · · ⊂ p i (r − 1). Note that we omit factors Gr(j, r) in the product
We also refer to δ as a display. We define an associated locally closed subscheme
Gr(j, r), 1) ) is defined to belong to D δ whenever for any i = 1, . . . , N, j 1 , j 2 = 1, . . . , r − 1 we have dim (p i (j 1 ) ∩ p i+1 (j 2 )) is equal to the dimension of the region
(j 2 ) of the display δ i . Note that these conditions are locally closed conditions 11 in
r−1 j=1 Gr(j, r). We can write
Note that for some δ, one can have D δ = ∅. We introduce the notation # δ = N i=1 #δ i . As we have seen, the category of reflexive equivariant sheaves of rank r on X is equivalent to the category of N filtrations of C ⊕r (see subsection 2.1). The objects of the latter category are precisely the closed points of the following C-scheme
11 Here it is useful to note that for any finite product of Grassmannians i Gr(n i , N ), the map {p i } → dim ( i p i ) is upper semicontinuous.
12 Strictly speaking, the equality sign means there is a canonical bijective morphism of C-schemes from LHS to RHS.
Let H be an ample divisor on X and let r ∈ Z >0 , c 1 ∈ H 2 (X, Z), c 2 ∈ Z. Let E be any equivariant vector bundle of rank r on X with corresponding framed torsion free ∆-familyÊ ∆ considered as a closed point of the C-scheme (1). If the point lies in the component indexed by A 1 , . . . , A N , ∆ 1 (1), . . . , ∆ 1 (r − 1), . . ., ∆ N (1), . . . , ∆ N (r − 1), δ, then its first Chern class is entirely determined by A 1 , . . . , A N , ∆ 1 (1), . . . , ∆ 1 (r − 1) , . . ., ∆ N (1), . . . , ∆ N (r − 1) and its second Chern class by A 1 , . . . , A N , ∆ 1 (1) , . . . , ∆ 1 (r − 1), . . ., ∆ N (1), . . . , ∆ N (r − 1) and δ (see Proposition 3.2). Therefore, it makes sense to speak about A 1 , . . . , A N ∈ Z, ∆ 1 (1), . . . , ∆ 1 (r − 1) ∈ Z ≥0 , . . ., ∆ N (1), . . . , ∆ N (r − 1) ∈ Z ≥0 giving rise to c 1 and given such about δ ∈ N i=1 D(A i , A i+1 ; ∆ i (1), . . . , ∆ i (r − 1); ∆ i+1 (1), . . . , ∆ i+1 (r − 1)) giving rise to c 2 by the formula in Proposition 3.2. We immediately obtain that the objects of the category of N filtrations of C ⊕r corresponding to equivariant vector bundles on X of rank r, first Chern class c 1 and second Chern class c 2 are in 1-1 correspondence with the closed points of the C-scheme
There is a natural regular action of the reductive algebraic group SL(r, C) on the ambient variety [Koo, Prop. 3 .20] and its proof) that the pull-back of this ample equivariant line bundle to each D δ gives a notion of GIT stability which precisely coincides with µ-stability. More precisely, we use these pull-backs to define our notion of GIT stability on each D δ and any equivariant vector bundle E of rank r on X with corresponding collection of N filtrationsÊ ∆ of C ⊕r is µ-semistable if and only ifÊ ∆ corresponds to a GIT semistable point in the C-scheme (1) and E is µ-stable if and only ifÊ ∆ corresponds to a properly GIT stable point in the C-scheme (1). The previous discussion combined with Theorem 2.5 yields the following proposition.
Proposition 3.6. Let X be a nonsingular complete toric surface, H an ample divisor on X, r ∈ Z >0 and c 1 ∈ H 2 (X, Z). Then for any c 2 ∈ Z, there is a canonical isomorphism Note that in the above proposition, we take A 1 = A 2 = 0 because of the disjoint union over gauge-fixed characteristic functions in Theorem 2.5. Moreover, for any A 3 , . . . , A N ∈  Z, ∆ 1 (1), . . . , ∆ 1 (r − 1), . . . , ∆ N (1) , . . . , ∆ N (r − 1) ∈ Z ≥0 giving rise to c 1 , the integers A 3 , . . . , A N are unique with this property (i.e. determined by ∆ 1 (1), . . . , ∆ 1 (r −  1), . . . , ∆ N (1), . . . , ∆ N (r − 1) ). The isomorphism of the proposition is nothing but the isomorphism of schemes of Theorem 2.5 (with Hilbert polynomial replaced by rank and Chern classes). The displays δ in the disjoint union for which D δ = ∅ precisely correspond to the characteristic functions χ ∈ X Let a, b ∈ Z. If a = 0, then we write a | b whenever b = ak for some k ∈ Z. Also, for later convenience, we write (a, b) = 1 whenever a and b are coprime. Recall the notation introduced in subsection 3.1. Using Propositions 2.8, 3.2, 3.3, 3.6, a now straightforward computation yields an expression for the generating function.
Theorem 3.7. Let X be a nonsingular complete toric surface, H an ample divisor on X, r ∈ Z >0 and c 1 = N,j=1,. ..,r−1 and the quotient is a good geometric quotient.
is the open subset of properly GIT stable elements with respect to the ample equivariant line bundle
{∆ i (j)(H · D i )} i=1,...,
Examples
Theorem 3.7 gives an expression for the generating function of Euler characteristics of moduli spaces of µ-stable torsion free sheaves of rank r and first Chern class c 1 on an arbitrary nonsingular complete toric surface X with ample divisor H. Although the expression in Theorem 3.7 is general, further simplifications can be obtained in examples as we will see in this section. We apply Theorem 3.7 to the examples X arbitrary and rank r = 1, X = P 2 and rank r = 1, 2, 3 and X = F a (a ∈ Z ≥0 ) and rank r = 1, 2. Various authors have considered some of these cases individually including Ellingsrud and Strømme, Göttsche, Klyachko, Yoshioka and Weist. We will compare our results to their work and Joyce's general theory of wall-crossing for motivic invariants counting (semi)stable objects.
Rank 1 on Toric Surfaces
Let us consider the expression in Theorem 3.7 for rank r = 1.
Corollary 4.1. Let X be a nonsingular complete toric surface and let H be an ample divisor on X. Then for any c 1 ∈ H 2 (X, Z)
This was first shown by Ellingsrud and Strømme [ES] for the projective plane and the Hirzebruch surfaces using a natural C * -action. Subsequently, Göttsche proved it for general nonsingular projective surfaces using the Weil Conjectures [Got1] . In fact, he computes an expression for Poincaré polynomials, not just Euler characteristics.
Rank 2 on
Consider the expression in Theorem 3.7 for rank r = 2. This time the occurrence of Euler characteristics of moduli spaces of stable configurations of points on P 1 makes the expression for the generating function significantly more complicated. Note that these moduli spaces of stable configurations of points on P 1 depend on the ample divisor H. We will simplify the formula for X = P 2 and X = F a (a ∈ Z ≥0 ). We will also study wall-crossing for X = F a (a ∈ Z ≥0 ). Throughout, we will pay special attention to the case X = P 1 × P 1 .
Rank 2 on P 2
Consider the fan of P 2 .
Let D be the toric divisor corresponding to any of the rays, then for α ∈ Z we have αD is ample if and only if α is a positive integer. Note that for X = P 2 and ample divisor H = αD, the generating function in Theorem 3.7 is independent of α, so without loss of generality, we can choose α = 1. In the rank r = 2 case, the spaces D δ in Theorem 3.7 are locally closed subschemes of (P 1 ) N , where N is the Euler characteristic of the surface X. For X = P 2 , we have N = 3. We introduce some graphical notation. Denote by:
the locally closed subset determined by points (p 1 , p 2 , p 3 ) ∈ (P 1 ) 3 with p 1 = p 2 , p 2 = p 3 and p 1 = p 3 . Similarly, denote by:
the locally closed subset determined by points (p 1 , p 2 , p 3 ) ∈ (P 1 ) 3 with p 1 = p 2 = p 3 . We use similar notation for similar locally closed subsets. We refer to such locally closed subschemes as incidence spaces. For completeness, we will write out all terms of the expression in Theorem 3.7, though most will trivially be zero. We choose the first Chern class
Here the quotients
. ., are just another way of writing the quotients D s δ / SL(r, C) in Theorem 3.7. Therefore, the subscript of "/" refers to the ample equivariant line bundle with respect to which we take the geometric quotient (see subsection 3.2). Clearly, all these spaces are empty except for possibly
Let X be any nonsingular projective surface, H an ample divisor, r ∈ Z >0 , c 1 ∈ H 2 (X, Z) and c 2 ∈ Z. Let a be a Weil divisor. Applying − ⊗ O X (a), we obtain an isomorphism
For this, we note that − ⊗ O X (a) preserves µ-stability. We deduce
So for X = P 2 and r = 2, the only two interesting values for f are 0 and 1. We can now prove the following corollary.
Corollary 4.2. Let X = P 2 and let H be an ample divisor on X. Then
Proof. Refer to the previous computation, in particular equation (2). Summing over
is equivalent to summing over
by using the substitutions ξ = 1 2
. This in turn is equivalent to summing over
by using the substitutions ξ = 2k−f 2
. We obtain
from which the result follows by using the geometric series.
In [Yos] , Yoshioka derives an expression for the generating function of Poincaré polynomials of M H X (2, 1, c 2 ) for X = P 2 and H any ample divisor on X using the Weil Conjectures. Specialising to Euler characteristics, his result is
Equating to the formula obtained in Corollary 4.2, we have proved an interesting equality of expressions. Although it does not seem to be easy to show the equality directly, one can numerically check agreement of the coefficients up to large order by making expansions of both series. In [Kly4] , Klyachko computes c 2 ∈Z e(M H X (2, 1, c 2 ))q c 2 for X = P 2 and H any ample divisor on X, essentially using the same methods as in this paper. In fact, our work is based on the philosophy of Klyachko. As mentioned in the introduction, the paper [Koo] lays the foundations for many ideas appearing in [Kly4] and generalises them to pure equivariant sheaves of any dimension on any nonsingular toric variety. This paper can be seen as a systematic application to torsion free sheaves on nonsingular complete toric surfaces. Klyachko expresses his answer as
where 
Rank 2 on F a
Let us repeat the computation for rank 2 on P 2 in the more complicated case of rank 2 on X = F a (a ∈ Z ≥0 ). The fan of F a is:
then the Chow ring is given by
Any line bundle (up to isomorphism) is of the form O(αE + βF ), where α, β ∈ Z. Such a line bundle is ample if and only if β > 0,
Fix such an ample line bundle and denote the corresponding ample divisor by H = αE + βF . We note
. By formula (3), the only interesting cases are (f 3 , f 4 ) = (0, 0), (1, 0), (0, 1), (1, 1). Using the same notation for incidence spaces as before, it is easy to see that exactly 11 incidence spaces contribute to the generating function of Theorem 3.7, namely for any i, j, k, l such that {i, j, k, l} = {1, 2, 3, 4}:
We proceed entirely analogously to the derivation of equation (2) in the rank 2 on P 2 case. Note that this time, the geometric quotients D s δ / SL(r, C) of Theorem 3.7 can split up as a disjoint union of various incidence spaces. We obtain
Using equation (4), we can now prove the following corollary.
Corollary 4.3. Let X = F a , where a ∈ Z ≥0 . Let H = αD 1 + βD 2 be an ample divisor, i.e. α, β are integers such that α > aβ, β > 0. Let
Proof. We start by rewriting the first three terms of equation (4). In fact, these three terms will combine to give the first term of the expression in the corollary. By using the substitutions i = ∆ 1 + ∆ 3 + a∆ 2 , j = ∆ 2 + ∆ 4 , k = ∆ 1 − ∆ 3 + a∆ 2 and l = ∆ 2 − ∆ 4 , the first term of equation (4) can be rewritten as
Using the same substitutions, the second and third term of equation (4) reduce to
Therefore the first three terms of equation (4) combine to give
We now prove the fourth to seventh terms of equation (4) combine to give terms two and three of the expression in the corollary. Using the substitutions i = ∆ 1 + ∆ 3 − a∆ 2 , j = ∆ 2 + ∆ 4 , k = ∆ 1 − ∆ 3 − a∆ 2 and l = −∆ 2 + ∆ 4 , the fourth term of equation (4) rewrites as The fifth to seventh terms reduce in a similar way. Finally, we claim the eighth to eleventh terms of equation (4) reduce to the fourth, fifth and sixth term of the expression in the corollary. Using the substitutions i = ∆ 3 + a∆ 2 , j = ∆ 2 + ∆ 4 and k = ∆ 2 − ∆ 4 , the eighth term becomes
The ninth to eleventh terms simplify similarly.
Specialising to a = 0 in Corollary 4.3 immediately yields the following result.
Corollary 4.4. Let X = P 1 × P 1 . Let H = αD 1 + βD 2 be an ample divisor, i.e. α, β are positive integers. Let
In [Got2] , Göttsche derives an expression for generating functions of Hodge polynomials of moduli spaces of µ-stable torsion free sheaves of rank 2 on ruled surfaces X with −K X effective [Got2, Thm. 4.4]. Assume X = F a , where a ∈ Z ≥0 . Recall that X is naturally a ruled surface over P 1 and −K X is effective. In particular, D 1 is a fibre and D 2 is a section. Let c 1 = ǫD 1 + D 2 (ǫ ∈ {0, 1}), H an ample divisor and c 2 ∈ Z. Denote by M H,ss X (2, c 1 , c 2 ) the moduli space of Gieseker semistable (w.r.t. H) torsion free sheaves on X of rank 2 with first Chern class c 1 and second Chern class c 2 . Note that in our case, Num(X) = Pic(X). Göttsche and Qin have proved that the ample cone C X in Pic(X) ⊗ Z R has a chamber/wall structure such that the moduli space M H,ss X (2, c 1 , c 2 ) stays constant while varying H in any fixed chamber of type (c 1 , c 2 ) [Got2] , [Qin] . In our current example, the non-empty walls of type (c 1 , c 2 ) are precisely the sets for α, β ∈ Z >0 coprime, we can identify them with ample divisors H = αD 1 + βD 2 on X with α, β coprime and without loss of generality we can restrict attention to these ample divisors. Let Λ be the set of elements in Q >a which can be written as α β , where α, β are coprime positive integers such that (2, c 1 · H) = 1. We denote the complement by W = Q >a \ Λ and refer to W as the collection of walls 13 . The elements λ ∈ Λ have corresponding ample divisor H for which there are no strictly µ-semistable torsion free sheaves of rank 2 and first Chern class c 1 on X [HL, Lem. 1.2.13, 1.2.14], in which case M H,ss X (2, c 1 , c 2 ) = M H X (2, c 1 , c 2 ) for any c 2 ∈ Z. The elements of W are precisely the rational numbers corresponding to ample divisors lying on a wall of type (c 1 , c 2 ) for some c 2 ∈ Z. Let H = αD 1 + βD 2 be an ample divisor, i.e. α, β ∈ Z >0 such that α > aβ. 
Although Göttsche's formula (5) is equal to the result in Corollary 4.3, it does not seem easy to obtain equality of both formulae by direct manipulations. However, it is instructive to make expansions of both expressions for various values of a, c 1 , H with H not lying on a wall and compare the first few coefficients. One finds a perfect agreement. We end by simplifying the expression in Corollary 4.4 in the case λ = 1 by splitting up inequalities and using geometric series. Note that by equation (3), there are only four interesting cases (f 3 , f 4 ) = (0, 0), (0, 1), (1, 0), (1, 1).
= 2q + 22q 2 + 146q 3 + 742q 4 + 3174q 5 + 11988q 6 + 41150q 7 + 130834q 8 + 390478q
4 + 28q 5 + 152q 6 + 656q 7 + 2504q 8 + 8620q 9 + 27520q 10 + O(q 11 ).
Wall-Crossing for Rank 2 on F a
So far we have been applying Theorem 3.7 to compute expressions for generating functions in examples. We can also use Theorem 3.7 to get expressions for wall-crossing formulae in examples. We start with a few simple definitions. Let Z((q)) be the ring of formal Laurent series. It is clear that for all values λ ∈ Q >a the six sums on the RHS in Corollary 4.3 are all formal Laurent series. Therefore the RHS in Corollary 4.3 defines a map Q >a −→ Z((q)). We define the following notion of limit.
Definition 4.6. Let a ∈ Z ≥0 and let F :
to mean for any N ∈ Z, there are ǫ, ǫ ′ ∈ Q >0 such that a < λ 0 − ǫ ′ and
Note that if the limit exists, it is unique. We refer to the expression
as an infinitesimal wall-crossing formula. ⊘ By using this notion of limit and applying it to the four terms of the expression in Corollary 4.4, it is not difficult to derive the following result.
Corollary 4.7. Let X = P 1 × P 1 . Let H = α 0 D 1 + β 0 D 2 be an ample divisor, i.e. α 0 , β 0 are positive integers and suppose (α 0 , β 0 ) = 1. Let
The computation is slightly tedious and uses the Bogomolov Inequality [HL, Thm. 3.4 .1] to show that the limit exists and equation (3) to split off the rank 1 contributions. Note that [Joy2, Thm. 6 .21] is a wall-crossing formula for Artin stacks of semi stable objects, whereas we have been dealing with Artin stacks of stable objects only. However, we claim equation (8) holds for any λ 0 ∈ Q >a . If not both f 3 ≡ 0 mod 2 and f 4 ≡ 0 mod 2, then Λ ⊂ Q >a is dense. Since we know there are no strictly µ-semistables for ample divisors in Λ, we see equation (8) holds in these cases. The case f 3 ≡ f 4 ≡ 0 mod 2 is harder to see, because this time Λ = ∅. Therefore we consider the following more general argument to prove this case. Let E be a rank 2 torsion free sheaf on X = F a (a ∈ Z ≥0 ) with arbitrary first Chern class c 1 and second Chern class c 2 . Let H, H ′ be two ample divisors not lying on a wall of type (c 1 , c 2 ). Then E is strictly µ-semistable w.r.t. H if and only if E is strictly µ-semistable w.r.t. H ′ (compare [Got2, Thm. 2.9]). This can be seen as follows. Suppose E is strictly µ-semistable w.r.t. H, then there is a saturated coherent subsheaf F 1 ⊂ E with 0 < rk(F 1 ) < rk(E) such that µ
Denote the quotient by F 2 , then µ
. Since H is not lying on a wall, we have c 1 (F 1 ) = c 1 (F 2 ) so in particular µ
. Since F 1 , F 2 have rank 1, they are automatically µ-stable and using [HL, Prop. 1.2.7] it is not difficult to see E has to be µ-semistable w.r.t. H ′ . Therefore Obj (c 1 −2c 2 )) s (µ) is the same for any ample divisor not on a wall of type (c 1 , c 2 ) as desired. Note that equations (6) and (8) are consistent. In fact, they are even consistent in the case a > 2 suggesting [Joy2, Thm. 6 .21] holds more generally.
Although we have now proved equation (8) to coincide with the expression in Corollary 4.7 in the case a = 0, it seems difficult to prove equality directly by manipulation of the formulae. It is instructive to make expansions up to a fixed order for specific values of c 1 , λ 0 and verify the coefficients of the expansion are the same. More generally, we know equation (6) coincides with infinitesimal wall-crossing of the expression in Corollary 4.3. Various numerical experiments by making expansions up to a fixed order again show consistency. In order to give an idea of the kind of expressions one obtains from Corollary 4.7, we compute the cases λ 0 = 1 2 , λ 0 = 1 and λ 0 = 2. In this subsection, we consider Theorem 3.7 for the case 15 rank r = 3 and X = P 2 . Similar computations can be done in the case X = F a (a ∈ Z ≥0 ), but the computations become very lengthy.
In the case X = P 2 , the expression in Theorem 3.7 does not depend on the choice of ample divisor, so we take ample divisor H = D (see 4.2.1). Let c 1 = f 3 D 3 = f D ∈ H 2 (X, Z). Define ∆ i = ∆ i (1), Γ i = ∆ i (2) for each i = 1, 2, 3. If ∆ 1 , ∆ 2 , ∆ 3 , Γ 1 , Γ 2 , Γ 3 ∈ Z >0 and δ = (δ 1 , δ 2 , δ 3 ) are displays of widths (∆ 1 , Γ 1 ; ∆ 2 , Γ 2 ), (∆ 2 , Γ 2 ; ∆ 3 , Γ 3 ) and (∆ 3 , Γ 3 ; ∆ 1 , Γ 1 ), then D δ ⊂ {(p 1 , p 2 , p 3 ; q 1 , q 2 , q 3 ) | p i ⊂ q i ∀i = 1, 2, 3} ⊂ Gr(1, 3) 3 × Gr(2, 3) 3 = (P 2 ) 3 × (P 2∨ ) 3 . We also consider all degenerations, e.g. ∆ 1 , ∆ 2 , ∆ 3 , Γ 1 , Γ 2 ∈ Z >0 , Γ 3 = 0 and δ = (δ 1 , δ 2 , δ 3 ) displays with widths (∆ 1 , Γ 1 ; ∆ 2 , Γ 2 ), (∆ 2 , Γ 2 ; ∆ 3 , Γ 3 ) and (∆ 3 , Γ 3 ; ∆ 1 , Γ 1 ), in which case D δ ⊂ {(p 1 , p 2 , p 3 ; q 1 , q 2 ) | p i ⊂ q i ∀i = 1, 2} ⊂ (P 2 ) 3 × (P 2∨ ) 2 . In a similar way as for the derivations of equations (2), (4) in 4.2.1, 4.2.2, let us describe the incidence spaces which contribute to the expression in Theorem 3.7. All other incidence spaces can easily seen to never have properly GIT stable closed points (for ample equivariant line bundles as in subsection 3.2). the incidence space of three lines q 1 , q 2 , q 3 in P 2 and three points p 1 ∈ q 1 , p 2 ∈ q 2 , p 3 ∈ q 3 on those lines such that q 1 , q 2 , q 3 are mutually distinct, their intersection points q 1 ∩ q 2 , q 2 ∩ q 3 , q 3 ∩ q 1 are mutually distinct, p 1 , p 2 , p 3 are not equal to q 1 ∩ q 2 , q 2 ∩ q 3 , q 3 ∩ q 1 and p 1 , p 2 , p 3 are not colinear. This is a locally closed subscheme of (P 2 ) 3 × (P 2∨ ) 3 . Likewise, we introduce the incidence spaces: o o o o o n n n n n n n n n n n
15 During the finishing of this paper, the author found out about recent independent work of Weist [Wei] , where he also computes the case rank 3 and X = P 2 using techniques of toric geometry and quivers. Weist has communicated to the author that his results are consistent with Corollary 4.9 of this subsection. for all {i, j, k} = {1, 2, 3}, where for the first space the points p 1 , p 2 , p 3 are colinear, as indicated by the dashed line, and for the second and last space p 1 , p 2 , p 3 are not colinear. Take one of these incidence spaces. Suppose we have an ample equivariant line bundle as in subsection 3.2 such that all closed points of the incidence space are properly GIT stable w.r.t. this ample equivariant line bundle and we form the geometric quotient by SL(3, C). The resulting Euler characteristics of the geometric quotients are e = −1 for the first incidence space and e = 1 for the remaining incidence spaces. Here it is useful to note that any four distinct points x 1 , x 2 , x 3 , x 4 in the projective plane no three of which are colinear can be mapped to respectively by an element of SL(3, C) and this element is unique up to multiplication by a 3rd root of unity. The incidence spaces 4-9 all give the same contribution to the expression of Theorem 3.7. This also holds for the incidence spaces 10, 11, 12 as well as the incidence spaces 13, 14, 15. As an aside, note that the first three incidence spaces all give rise to the same display. We deduce 
